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THERMODYNAMIC ANOMALIES NEAR THE CRITICAL 
POINT OF STEAM* 
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Abatraet-Ideas about the character of critical anomalies obtained from the lattice gas model are tested 
on the thermodynamic properties of steam, using methods developed for nonpolar gases. The critical 
anomalies in steam are shown to be nonclassical and very similar to those of simple gases. Specifically, the 
exponents obtained by power-law analysis of the coexistence curve, specific heat C, and compressibility 
K, are B = 0.347 +OGO5, a = 0.1 kO.05, y = 1.20 f0.05, implying 6 = 4.45. Since the critical point is thus 
a point of nonanalyticity in the thermodynamic behavior, the scaled equation of state may be an appropriate 
means to describe the critical region. Some results of such a scaled analysis of the PVTdata are presented 
and shown to be consistent with independently measured vapor pressure and specific heat data and with 
the exponents quoted. The best value obtained for the critical temperature by scaling is 373.9”C + 0.05, 
valuesbetween0.322and0.327g/cm3 areobtainedforthecriticaldensitydependingon thepropertyanalyzed. 

NOMENCLATURE 

pressure ; 
volume ; 
Helmholtz free energy ; 
A/K Helmholtz free energy per unit 
volume; 
chemical potential ; 
temperature ; 
critical temperature; 
reduced temperature difference (T - 

Q/T,; 
N/K density ; 
critical density ; 
liquid density ; 
gas density, 
rectilinear diameter density ; 
reduced density difference 

(P - PA/P, T> Tc; (P -P)/P,, T< T, : 

isothermal compressibility 

(l/P) (~PlW, ; 

specific heat at constant volume; 
internal specific heat (C, minus per- 
fect gas contribution); 

* Presented at the 7th International Conference on 
Properties of Steam, Tokyo, Japan, September 1968. 

C”lI! constant volume heat capacity den- 
sity ; 

xx, p, y, 6, exponents of anomalies in specific 
heat, coexistence curve, compressibi- 
lity and critical isotherm. resp. 

1. INTRODUCTION 

AMONGST the requirements a good equation- 
of-state has to fulfil are the following : the equa- 
tion must fit to within experimental accuracy the 
data considered reliable; and thermodynamic 
properties derived from the equation must agree 
with directly measured values. 

Both requirements are hard to satisfy in the 
critical region. Not only is it difficult to represent 
the PVTdata by an equationof-state, but also. 
even when an equation satisfactorily describing 
the experimental data has been found. other 
thermodynamic properties derived from it 
usually deviate systematically from indepen- 
dently measured data. A typical example of this 
state of affairs are the N. E. L. Steam Tables [ 11 

where tabulated entropy and enthalpy values, 
derived from the equation-of-state, had to be 
supplemented by correction tables describing the 
deviation of the calculated quantities from 
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experiment. It need not be stressed that in- 
consistencies of this type are undesirable. 

The insight into the nature of the critical point 
that has been gained in recent years has made 
clear why the critical region presents such a 
stubborn problem. The reason is that the critical 
point, in most instances, has a non-analytical 
character; that is, the Helmholtz free energy 
cannot be expanded in powers of density and 
temperature at the critical point 121. Indirectly. 
this has been known since the early 1900’s. Van 
Laar [3] proved that the existence of a Taylor 
expansion implies that the coexistence curve is 
of the 2nd or the 4th degree. while it was well 
known at that time that these curves are approxi- 
mately cubic [4]. Direct experimental evidence 
for nonanalyticity is the divergence of the specific 
heat at constant volume. observed for a variety 
of gases such as He [S], Ar [6], Xe and CO, [7], 
0, and N, [6]. This implies that (8’ A/aT’), is 
infinite for these gases at the critical point, thus, 
precluding a Taylor expansion of the free energy. 
Equations-of-state used in engineering applica- 
tions are almost always analytic at the critical 
point. Consequently, an excessive number of 
terms and adjustable constants is needed to fit 
the data within experimental accuracy, whereas 
thermal properties derived from the equation 
cannot represent the experimentally observed 
anomalies. 

The non-analyticity of critical behavior is 
closely connected with the fact that on 
approaching the critical point, correlations in the 
system extend far beyond the range of the inter- 
molecular forces; this causes the critical pheno- 
menon to be highly independent of the detailed 
character of the interaction forces so that critical 
phenomena in different systems are closely 
analogous [2]. On the other hand. for systems 
with intermolecular forces of such long range 
that correlations never extend beyond this 
range, one should expect classical behavior 
181 as exemplified in van der Waals’ equation 
which is analytic at the critical point. Some 
ferroelectrics show such classical behavior near 
their Curie points. 

These considerations lead us to steam as a 
particularly interesting substance. In contrast 
to most other fluids. where the interaction forces 
are van der Waals forces with a l/r6 range of 
potential, a substantial part of the interaction in 
steam is due to the dipole potential that falls 
off as l/r3. Thus it is of interest to investigate 
whether the behavior of steam in the critical 
region is analogous to that of other fluids. If so, 
a reappraisal of the equation-of-state of steam 
near the critical point in the light of the recent 
insights into critical anomalies is mandatory. 

In this paper the nature of critical behavior 
in models with long- and with short-range forces 
will be briefly summarized. Next. a short survey 
will be given of the critical anomalies found in 
nonpolar fluids like He, CO, and others. 
Then, the character of the critical region of steam 
will be analyzed using the techniques developed 
for normal fluids. The critical region of steam will 
be shown to be quite analogous so that of non- 
polar substances, and therefore nonanalytic at 
the critical point. Some suggestions for a new 
approach to the description of the critical 
region of steam will then be offered. 

2. CRITICAL ANOMALIES IN CLASSICAL AND NON- 
CLASSICAL MODEL SYSTEMS AND IN REAL FLUIDS 

Two mathematical models provide the guide- 
lines for describing critical anomalies. The 
first, van der Waals’ equation, is an example 
of the classical (analytic) inner field theories 
in which long-range forces between molecules 
are implicitly assumed [8]. The Ising model. on 
the other hand, a lattice model with nearest- 
neighbor interactions only. shows non-classical 
(non-analytic) behavior. The latter becomes a 
model for the gas-liquid transition, the so-called 
lattice gas [9], if molecules and empty sites are 
distributed over the lattice and an attractive 
energy is assigned to pairs of molecules occupy- 
ing adjacent sites. In both models, the critical 
behavior of thermodynamic properties is charac- 
terized by power laws describing the asymptotic 
mathematical behavior. Thus. for classical equa- 
tions like that of van der Waals. in which only 
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the lowest two derivatives of pressure with re- 
spect to volume vanish, these power laws are the 
following [Z, 3,10,11]. The top of the coexistence 
curve is quadratic, hence 

v, - v, N PL - PG N (T, - T)B (1) 

with /I = 4. 
The critical isotherm is of the third degree, so 

that 

P - P, k (V - v,)d N (p - p,)b 

with 6 = 3. 

(2) 

Since the chemical potential p is related to the 
pressure by Ndp = VdP - SdT, it follows that 
along the critical isotherm the asymptotic 
behavior of p is the same as that of P, namely 

p - & N (V - V h (P - P,Y (3) 

with 6 = 3. 
The compressibility K, on the critical isochore 

goes to infinity inversely proportional to T - T,, 

KT = - (+)(g)T =f’f& - (T- T,)-y 

(4) 
with y = 1. 

In the.one-phase region near the phase bound- 
ary the compressibility of the gas is higher than 
that ofthe liquid but they both diverge in the same 
way, again as 1 T - T, 1 -y with y = 1. Likewise, 
the quantity a~/+ = l/(p’K,)goes to zero as 
1 T - T, 1 y with y = 1, along the critical isochore 
and along the phase boundary. The specific heat 
at constant volume C”i on the critical isochore 
below T, rises to a finite limit at the critical 
point and then falls off to a lower value in 
the one-phase region. 

This critical behavior of the classical equation 
is to be contrasted with that of the nonclassical 
three-dimensional Ising model [12]. For this, 
the top of the coexistence curve is close to cubic, 
B = 03125. The critical isotherm is of a degree 
close to 5,6 = 5.0. The compressibility diverges 
faster than in the classical case, with y = 1.25. 
The internal specific heat at constant volume CUi 
diverges a little faster than logarithmic, both 

above and below T,, Coi N ( T - T, j -’ with 
a = 0.125. 

The critical exponents a, B, y, 6 are not free 
to assume just any values independently. 
Thermodynamic considerations require that the 
following relations be obeyed [13] : 

/?(S + 1) B 2 - tl 

y+2p>2-a. (5) 

It is readily seen that the exponents of the 
classical case and of the Ising model fulfil the 
relations (5) with the equal sign. 

Power-law analyses of experimental data for a 
number of non-polar fluids such as He3, He4, 
Ar, Xe, and O2 [14-171, reveal the following 
picture. The top of the coexistence curve is near 
cubic, fl = 0340.36. The degree 6 of the critical 
isotherm is between 4.0 and 4.6. The compressi- 
bility exponent y is between 1.1 and 1.3, the 
specific heat exponent a between 0 and 0.15. Thus 
the exponents of real gases are much closer to 
those of the Ising model than to those of classical 
theory. In addition, the exponents remain 
essentially the same from one gas to another, in 
accordance with the presence of long-range 
correlations, as mentioned above. 

3. SYMMETRY 

The analyticity of the classical equation of 
state has as a consequence that critical exponents 
and critical coefftcients are the same whether 
one approaches the critical point from the low- 
or from the high-density side. Apart from this, 
there are in general no striking symmetries, and 
the loci of maximum compressibility, maximum 
C,, etc., all move away from the critical isochore 
when one leaves the critical point (Fig. 1). The 
lattice-hole symmetry of the Ising model, on the 
other hand, entails a curious symmetry character, 
not apparent in the usual free energy A(I/: T) 
and pressure P(K T) coordinates. but revealed 
in the alternative ones free energy per unit 
volume a(p, 7’) and chemical potential p(p, T). 
The coexistence curve and configurational free 
energy per unit volume are both symmetric 
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with respect to the critical density. whereas for densities within 25 per cent from critical 
the chemical potential is antisymmetric in [15,19] (Fig. 1). Likewise. experimental values of 
density with respect to its value on the critical pZK, on the two sides of the coexistence curve 
isochore (Fig. 1). Consequently. the quantity show a measure of symmetry 115. 161. Neither 
pZKT = (ap/ap), is again symmetric with respect the specific heat itself, nor the quantity C,,JV 
to the critical density. and so is the internal shows a particular symmetry. However. com- 

o p-p INFLECTION 

b P-p INFLECTION 

c MAX. COMPRESSi8lLlTY 

a’ DIAMETER COEX. 

T 

CLASSICAL GAS LATTICE GAS REAL GAS 

FIG. 1. Symmetry character of the critical region of gases in 
the temperature~ensity plane. 

specific heat per unit volume C,i/i/: Moreover, 
since p is regular everywhere in the one-phase 
region, its antisymmetry implies that it is regular 
along the critical isochore [19-j, in contrast to 
the classical equation for which aZp/i7T2 is 
discontinuo~ at the critical point. In the lattice 
gas, pressure, compressibili~ and specific heat 
do not have any natural symmetry character. 

Real gases. exhibiting non-analytic critical 
behavior but lacking the Ising model particle- 
hole symmetry, cannot be expected, a priori, to 
possess any of the symmetries discussed above. 
However, experimentally it has been established 
not only that exponents and coefficients are the 
same on the low and high density sides of the 
critical isochore [I81 but also that the p-p 
isotherms show anti-symmetry with respect 
to this isochore over wide temperature ranges. 

bining the thermodynamic relation 

and the observed antisy~etry of the p(p) 
relation we conclude that the combination 

must be symmetric with respect to the critical 
isochore. (a2,u/aT2) ps is, however, experimen- 
tally inaccessible except in the two-phase region 
where it is obtained from the volume dependence 
of C, by the relation 1201 

~=(~)-~(~). (7) 

In the one-phase regioi it has d’possible in a 
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number of cases [5, 191 to symmetrize CJV by One should realize that the scaled equation (8) 
adding a part linear in the density, thus obtaining does not give a complete description of thermo- 
an estimate of (a2@T2)pc_ So far there has dynamic behavior. Since it is not a fundamental 
been no experimental evidence that this quantity equation, an unknown temperature-dependent 
is anomalous near the critical point, in contrast integration constant will appear in the free 
to classical behavior but in agreement with the energy. Moreover, the quantity p(p,T) has been 
Ising model. We conclude that asymptotically left unspecified and will have to be obtained from 
near the critical point real gases exhibit the experiment somehow. (See Sec. 3 and the 
same symmetry as the Ising model. Appendix.) 

4. THE SCALING LAWS 

In an attempt to summarize the observed 
asymptotic power laws and symmetries in an 
equation of state, Widom first formulated the 
so-called scaling laws for the critical region of 
fluids 1211. In Grifliths’ reformulation [22] 
these become : 

5. THE COEXISTENCE CURVE OF STEAM. THE 
EXPONENT fl 

We proceed to deduce the character of the 
critical anomalies in steam from experimental 
data in the critical region. In all cases the raw 
data will be studied rather than smoothed or 
tabulated data derived from them; correlating 
techniques used in tabulation are generally 
analytic and, being possibly at odds with the 
analytic character of the data in this respect, could 
introduce an undesirable bias. The critical point 
of steam occurs,roughly speaking, at 374C, a 
density of 0.3 g/cm3 and a pressure of 220 bars. 
The critical pressure and temperature are much 
higher than for most other gases of low molecular 
weight. Because of its practical importance, the 
critical region has been widely explored even 
though it is not very accessible experimentally. 

AP 
- h(x) 

AplApjd-’ - 

with 
x = AT/l Apl I’@ 

where 

AT= (T- Q/r,. 

Thus, chemical potential differences A,u, when 
scaled by Ap ) Ap Id- I. are functions of one 
variable only. the scaled temperature x = 

AT/b~\pl . w The function h(x) is not specified, 
but has to fulfil a number of mathematical 
conditions [22]. These follow from thermo- 
dynamic stability requirement and from the 
condition that p be free of anomalies inside the 
entire one-phase region. For details see [19,22] 
and the Appendix. It can be shown [21, 221 
that all power laws are incorporated in (8) and 
that the relations (5) between the exponents hold 
with the equality sign. 

For a number of simple fluids, like He3 [15] 
and He4, CO, and Xe cl91 the chemical potential 
has been shown to scale in the critical region. 
We shall investigate this point for steam in 
Sec. 9. 

The first property to be studied here is the 
coexistence curve. This curve has been measured 
directly by Eck [231 who observed the tempera- 
tures of meniscus disappearance for samples at 
various known overall densities. The samples 
were contained in quartz tubes. Gas and liquid 
densities were not obtained at coexistence and 
thus some assumption about the behavior of the 
average density has to be made before the data 
can be analyzed. If coexisting densities are 
interpolated on a large-scale plot, it is found 
that the curve of average density is straight 
within error (Fig. 2). This straight line, called the 
rectilinear diameter, can be described with 

P - (PL + PGVJ = Cl + Q- T,)/T,I PC, 

where 
pE = 0325 g/cm” and Q = l-5. 
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Several correlations for steam 124-261 show and 
curvature of the diameter near T, and. con- 
sequently, rather different values for pc. namely 

p = p,[ 1 + a,AT] (rectilinear diameter) (10) 

0.305 [24], 0.318 [25] and 0.315 [26]. We will 
present independent evidence for a high value of Or 
pf later. However. here we wish to point out that P = [l + u&AT)’ -“I (curved diameter). (11) 

.35 I I I I I 

STEAM ECK 

T COEX. DIAMETER 

.32 I I I I I -I 

350 360 370 T, 
TEMPERATURE in OC 

FIG. 2. Values of the average coexisting densities of steam, p = (pr. + p&2, versus tempera- 
ture, obtained graphically. The straight line (10) tits these data about as well as the curved 

one,(ll),witha =O.l. 

recent theoretical developments strongly suggest 
that the diameter is not straight, but, rather, that 
its temperature derivative diverges weakly at the 
critical point, at least as fast as does the specific 
heat [27J On the other hand, theoretical esti- 
mates of the effect, based on model calculations, 
indicate that the curvature may be too small to 
be detected [28]. Also, significant deviations 
from the law of the rectilinear diameter have not 
been detected in the best experimental data 
available for other substances [ 1516,181. In our 
analysis we will use the law of the rectilinear dia- 
meter, but will explore the effect of using a curved 
diameter of the form suggested theoretically. In 
other words, we shall attempt to tit the data with 
the expressions 

with 
Ap = BIATIP 

Ap = (p - P)lp,, AT= (T- T,)IT,, 

P = (PL + PC)/2 (9) 

In fitting with these equations, pc, T,, p, B, a (and 
a) have to be considered adjustable parameters. 
A linear least-squares fit of In (Ap) vs. In (AT) is 
performed, while To fi and pe are varied in steps. 
The data points are given weights assuming con- 
stant standard errors, crP = OQOl g/cm3 and 
CJ~ = O.Ol”C, respectively, in density and tem- 
perature. The variance of In (Ap) due to errors 
in density is then equal to [a,p,/(Ap)12, and, 
by propagation of errors and using (9) its 
variance due to temperature error is [fla,/ 
T,(AT)]‘. Since errors in density and temperature 
are uncorrelated, the variances can be added and 
a weight 

Wi = IL(~JP~(AP)]~ + [P~TIT,CAT)]~}-~ 

is assigned to each data point. These estimates 
of the absolute error are not far off the mark, the 
standard deviation of the best fit turning out only 
slightly larger than unity. 
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‘STEAM ECK 

dp=ff IdTf 
2 0 GAS 

-31 1 I I I I J 
350 360 370 r, 

TEMPERATURE in “C 

FIG. 3. Percentage deviations of the experimental reduced density differences, Ap = (p -&‘&, 
from the ones calculated according to (12), piotted vs. temperature along the coexistence 

curve of steam. 

The data point at 374.17”C was omitted from 
the tit since density gradients must be present in a 
cell 6 cm high this close to the critical tem- 
perature. The other 27 points were &ted by 
varying the values of Tc, pc and a in steps. The 
fit with the lowest standard deviation, G = 1.11, 
yielded the following results : 

T, = 374.33”C 

pf = 0.325 g/cm3 

a =1.5 

B = 2-240 

p = 0.3505 (12) 

The deviations of the experimental points from 
the fitted curve are shown in Fig. 3. Most data 
points are fitted within 2 standard deviations. A 
variety of parameter combinations has been 
found to fit the data almost as well as the set 
(12). Some examples are shown in Table 1. 
Although there is, therefore, some latitude in 
the assignment of values to pc, T,, a, etc., the 
unequivocal result is obtained that /I is close to 
035, a non-classical value not significantly 
different from values obtained for other sub- 
stances E16-181. 

_--- 
Table I. Least-squa~es~ts to the coexistence curw of steam, E&k’s data 1231 

_____I_ -II____ _.~ -~~- --..--~--- 
Standard Coefficient 
deviation T,(“C) p,(g/cm? of diameter B 
of fit (9) (10) or (11) 

Straight diameter 1.11 374.33 0.325 1.5 0.3505 
1.19 37435 0324 1.6 03519 
1.17 374.35 0.324 165 0.3522 
1.25 374,35 0325 160 0.3534 
1.27 374.30 0.324 1.65 0.3465 
1.66 374.25 0.324 1.60 0.3403 

Curved diameter 1.15 374.35 0.324 1.15 0.3525 
1.26 37435 0.324 1.20 0.3529 
1.32 374.35 0.325 1.10 0.3535 
1.66 374.25 0.324 l-15 0.3409 

___- 
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Several tits have been done with a curved 
diameter (11) assuming M = 0.1. The diameter is 
described about as well as by a straight line 
(Fig. 2). The best fit to ~~)us~ng(~ f ) has a standard 
deviation of 1.15 and is obtained by the para- 
meter combination T, = 374.35”C pc = 0.324, 
a = 1.15, while p ;r 0.3525. Thus, the hypo- 
thesis of a curved diameter does nat affect the 
estimates ofthe critical density and the exponent 
fi sj~~~~antly. 

Optimum values For T, are always near 
374”35”C, in contrast to values between 374.21 “C 
and 374.26°C reported by Eck by visual obser- 
vation. However, the standard deviation of the 
fit is not very sensitive to the choice of T,, 
although fits with the low T, values are definitely 
less good (Table 1). Nate that T, choices in Eck’s 
range correspond to fi values near 0.34. 

The Eck data have been criticized because of 
the presence of dissolved quartz. His high values 
of T, (and the even higher ones found here) may 
perhaps be explained by the presence of such an 
impurity. However, we do not expect it to affect 
the value of fi; impurity concentrations as high 
as 1 per cent have been shown to leave ,B un- 
changed in CO, and N,O f 18-J. Also, theoretical 
estimates for impure fsing systems f29] indicate 
that only massive amounts oFa second substance 
will madify /j in an experimentally detectable 
way. 

We now turn ta a set of heat measurements 
on steam From which the coexistence curve 
can be constructed independently. We refer to 
the very precise latent heat measurements by 
Osborne, Stimson and Ginnings [30], OSG. 
By measuring the heat input into a steam sample 
maintained at constant temperature in the 
two-phase region while known amaunts of gas or 
liquid were extracted, they obtained two latent- 
heat quantities which they called p and 8. but 
which we will relabel g and b to avaid confusion 
with critical exponents. These quantities are 
related to coexisting densities as follows : 

b = t ~/~~~~~d~/d~)~~~ 

9 = (T ~~~~~~d~~d~)~~~ (13) 
It is possible to analyze the coexistence curve 
of steam without further knowledge of the vapor 
pressure. This is done as Follows. From (13) it 
fallows that 

Thus the quantity 

(1 + a/ATl)(g -@/(g + b) 
equals Ap_ the reduced coexisting density 
difference. These data are rather unique in that 
determinations were repeated at each measured 
pair b, Tor g, T; thus the standard deviation of 
each mean value can be directly estimated and 

Straight diameter 
coeficient a, (10) -J 

373-87 
173-86 
373.85 
373-84 
373-83 

Curved diameter 
caeficient a, (11) -+ 

373.89 
373.88 
373-87 
373.X6 
373.85 

. ._--. _~~ .~ .__ 

1.99 0.3348 l-54 0.3357 1.16 o-3365 0.94 
1-53 0.3346 I.11 0.3355 0.81 0.3363 0.81 
l-13 0.3344 0.80 0.3353 0.74 o-3361 1‘01 
0.91 0.3742 0.81 0.3350 1.03 0.3359 I.41 
1 acl 0.3340 1.14 0~3348 1.48 03357 1*90 

1.95 
1.53 
l-I9 
l-04 
1.16 

1.55 

1 a40 

0*34og 
0*3406 
o-3404 
0.3402 
O”3400 

.---...l.. _- _ 

I.47 
I.10 
0.91 
Ii31 
1.35 

1.575 

I”425 

O-3418 
0.3416 
0.3414 
0.3412 
0.3410 

I.10 
O-88 
095 
f.27 
1.73 

-.__.. 

x60 

1.45 

0.3429 
o-3427 
o-3425 
0.3422 
0.3420 

,_~~_,~__ ~~- II __ ~~_._ 

0.95 
NO 
1.29 
1.71 
2”19 

.“-^- 

0.3374 
0~3371 
0,3x9 
O-3367 
0.3365 

1,475 

0.3439 
o-3437 
@3435 
0.3433 
0.3431 

~-1”1” -z: ~_~_ 
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used to weigh In ((g - b)/(g + b)). The standard 6. THE COMPRESSIBILITY OF STEAM. 

deviation of the fit goes through a deep minimum THE EXPONENT y 

when T, and a are varied. Some samples are The exponent y, as explained in Section 2, de- 
shown in Table 2. For the best lit, with s.d. = 0.74, scribes the limiting behavior of the compressibi- 
the mean values of g and b. their s.d’s, the esti- lity K,, and of the more desirable quantity 
mated error of In Ap and the deviations from the (a,u/i?~)~ = (p2KT)- ’ when the critical point 
fitted curve are shown in Table 3. is approached along the coexistence curve. 

Table 3. OSG data [30], standard deviations of their means and of Ap, and residuals of bestfit 
___._____~~_..~~_~_ ~__ 

Estimated Residual 
g % b % s.d. of Ap, 0/0 of Ap, :a 

330 1295.35 0.064 155.92 0.047 oGO75 owO7 
350 1112.38 0.156 22009 0.09 1 0.018 - 0.0048 
360 989.12 0.298 269.93 0.036 0.019 oQOo2 
365 909.5 1 0.47 305.30 @48 0.12 0.0067 
370 80044 028 359.35 0.48 0.15 - 0.068 
372 733.65 0.69 395.48 0.21 0.16 0.18 
373 683.05 0.54 427.56 0.65 0.35 -0.31 
373.5 642.98 2.1 452.35 1.82 1.4 1.5 
374 586.62 5.8 504.3 5.3 

___~~~ 

T, = 373.85”C; redked slope = 1.6; j = 0.3361; B = 2.152; Ap = (1 + alATl)(g - b)/(g + 6) = BIAT(a. 

In these fits, we have omitted the highest 
point at 374.OO”C. First of all, the authors had 
great difficulty in measuring it. Secondly. recent 
experiments by Blank [31] indicate that the 
critical temperature is lower than the value 
obtained by us from Eck’s data and, in fact, lower 
than 374°C. Thirdly, gravity effects alone would 
have caused an appreciable difference between 
densities at the top and the bottom of the calori- 
meter from which the samples were taken. For 
the OSG data, the optimum value of the critical 
temperature is 373.85”C in good agreement with 
Blank’s value of 373.91”C. The optimum value 
obtained for /I is again definitely nonclassical, 
namely 0.336. However, it is rather low as 
compared to that from Eck’s data and also 
lower than for other substances. On repeating 
the tit to the OSG data using a curved diameter 
rather than a straight one, the quality of the fit 
is essentially unaltered but the value of /I is 
raised (Table 2). In what follows we will use 
values from 0.342 to 0.35 for the exponent p. 

ap/ap * Z+‘IATIY’ or along the critical iso- 
chore, apjap - r - 1 ) AT1 y. Scaling implies that 
the exponents y and y’ are equal. An estimate of 
these exponents for steam is obtained from PI/T 

data. We have used two sources of data. One is a 
collection of precise liquid isotherms measured 
by Smith. Keyes and Gerry [32]. We have 
numerically extrapolated the data between 300 
and 360°C to the vapor pressures directly 
measured by the same authors. The coexistence 
volumes so obtained agree well with those of Eck 
in the range of overlap. From these volumes and 
the limiting slopes the values of ap/ap were 
calculated. The results, reduced by P,V,, are 
summarized in Table 4 and plotted in Fig. 4. 

The second source of data are the PVTdata 
of Rivkin and coworkers, reported between 1962 
and 1966 [33] and discussed more fully in Section 
8. After some preliminary sifting of the data, four 
point interpolations for equally and finally spaced 
densities were performed along each isotherm. 
From the pressure differences across the critical 
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isochore, ap/dp was calculated. Below T,. the data 
were extrapolated to the vapor pressure data 
of OSG [30] or to Eck’s coexistence curve 1231 
and the limiiing slope was obtained numerically. 
Because of a number of discrepancies among 
the three sets ofdata in the region near the critical 
point, the resulting limiting slopes are beset with 
large errors. An attempt has been made to assess 
these errors (Fig. 4); the data are reported in 
Table 4 and plotted in Fig. 4. 

Above T,, the data on the critical isochore were 
weighted according to their estimated error and 
fitted by a power law in the range 374410°C. 
while T, was varied. The tit was rather insensitive 
to the choice of T,. For the most likely value. T, = 
373.9”C. the results of the tit were : 

y = 1.201 +_ 0006 7 = I.202 + 0,008 

r = 0.0735 * 2 % I- = 0.0728 4 2 % 
374410°C 374400°C (15) 

Below T,, the Keyes and Rivkin data on the 
liquid side from 3W373”C were combined, and 

fitted with a power law. The results for the fit 
with T, = 373.9”C are 

y;, = 1.09 If: 0.022 r;. = 1.09 + 0026 

r; = 0.0329 + 8% r; = 0.0335 + 10% 

300 - 372’C 310 - 372°C (16) 

The apparent exponent JJ; is smaller than y, in 
violation of scaling. The reason is that the 
(ap/ap)r data of Table 4 are not in the asymptotic 
range of the scaling laws. As is clear in Table 4 
and Fig. 4, the (a&Q), symmetry between gas 
and liquid, which is typical of the asymptotic 
range, is not present in most of the range of these 
steam data. A similar but less pronounced 
deviation from symmetry has been found in 
other gases, such as CO, and Xe [ 191 and He3 
[ 151. That the asymptotic range is small in 
steam below T,may be due to the fact that the 
two-phase “dome” of the coexistence curve of 
steam is unusually wide so that even a degree 
below critical, the coexisting densities are far 

Table 4. (ap/ap)r for steam along the coexistence curve and the critical isochore, in reduced units 
..--.___ 

Below T, Above T, 

7-W) (aOp),iq (ap/ap),_ W’C) (apiap), 

300 639 
310 5.25 
320 4.26 
330 2.99 
340 2.26 

350 1.70 
360 0.806 

From Smith, Keyes and Gerry [32] 

374.15 0.00172 
374.42 000377 
374.95 0.00724 
375.01 0.00762 
37697 0.0186 

378.02 0.0320 
379.03 0@%06 
379.98 0.0526 
379.98 0.0517 
380.99 0.0582 

360.04 
364.97 
367.98 
369.98 
371.01 

371.99 
372.97 
From Rivkin [33] 

0.705 
0.389 
0.357 
0149 

0.055 
0.039 

0,394 

0.156 

0.057 

0.042 
0.03 1 

382.98 
384.95 
387.03 
389.98 
394.97 

4OOQO 
409.96 
419.96 
From Rivkin [33] 

0.0814 
0.102 
0.125 
0,161 
0,226 

0,288 
0.426 
0.563 
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from critical and perhaps outside the range of 
simple scaling. Above T, where this problem 
does not arise, the exponent y is rather in- 
dependent of the range and definitely non- 
classical. Also, it is quite close to the values 
obtained for a number of other substances; 
1.25, O2 [16] ; 1.17, CO, [34] ; l-22, COz 
[35] ; 1.18, He3 [15]. 

The ratio of compressibilities above and 
below T, assuming equal slopes (Fig. 4), is about 
4, a value found for many other gases as well 
[16, 191. 

7. THE VAPOR PRESSURE OF STEAM 

In equations of the van der Waals type, the 
vapor pressure and the pressure on the critical 
isochore above T, are not analytic continuations 

I- 

A 10-1 - 
% - 
9 _ 
3 _ 

lo-* - 

of each other; rather, a jump occurs in the 
second derivative (a”P/aT2), [ll, 361. Along 
each of the branches, however, the pressure 
can be expanded as a power series in the tem- 
perature. This can no longer be expected for a 
nonclassical critical point. Here, one assumes a 
vapor pressure equation of the form [19. 2-J 

P= PC +P,(AT)+P-(AT12-e + P,(AT)* + . . . 

with the exponent 8 limited by 

1131 to 

B < Cl’ + p. 

(17) 

thermodynamics 

(18) 

If 0 > 0, (d2PidT2) diverges, whereas if 0 < 0, 
this derivative increases cusplike to a finite 

I 1 
10-Y I I t/ llllll I I I IllIll I I I Ill111 

10-d I o-3 AT 10-z IO“ 

FIG. 4. Values of the compressibility #K, derived from 
experimental PVT data on steam along the critical isochore 
(a and along the gas 0) and liquid (a, & branches of the 
coexistence curve. They are plotted US. 1 T - T,I on a double 
logarithmic scale. The parallel straight lines indicate a 

1 T - T, 1 -y divergence with y - 1.2. 
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STEAM VAPOR PRESSURE 

ANALYTIC EQ. 

A SCALED EQ. 

-0.01 - 
0 

I I I 
0 

330 340 350 360 370 G 
TEMPERATURE in “C 

FK. 5. Differences between vapor pressure data of steam and values calculated according 
to (17), A, and (19),0. The solid curve connects the systematic deviations from the analytic 

equation (19) while the deviation from the scaled equation (17) are random. 

value at T,. The scaling laws imply that 0 = M = different coefficients. P+and P-. respectively. of 
L?, the specific heat exponent: and also. that the 1 ATI ‘-’ term. 
the critical isochore and the vapor pressure The vapor pressure of steam was carefully 
curve obey the same equation (17) but with determined by Osborne. Stimson and Ginnings 

Table 5. Vapor pressure of’steam, OSG 1373, and derived values of d2P/dT2 

Temp Pressure 

(“C) (bar) 
(d*PldWreduoed (d’P/dT%edused 

(from scaled equation (17)) (from C,. [38,39]) 
~~~ 

fl = - 0.06 0 = 0.06 0 = 0.12 

330 128.642 32.3 32.6 32.9 
340 146.077 35.3 35.5 35.6 
350 165.367 39.2 39.2 39.1 
355 114,772 41.9 41.7 41.t 
360 186.739 45.2 450 45.0 
362 191.288 46.9 46.7 46.7 
364 195.940 48.8 48.8 48.8 
366 2W683 51.2 51.3 51.4 

368 205.545 54.2 547 54.9 

370 210,524 58.4 59.5 60.1 

371 
372 
373 

373.23 
373.55 
373.71 
373.79 

213.056 61.3 63.0 63.9 

215.615 65.4 68.1 69.6 

218.217 12.2 77.2 80.2 

80.8 84.5 115 +_ 10 
89.6 94.1 128 + IO 
95.8 103.1 140 * 10 

101.6 110.6 135 f 10 

33.6 

45.1 

56.7 

63.9 
82.5 
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[37]. The data are reported in Table 5. Taking 
second differences for the highest four points, one 
notices immediately a marked increase when 
approaching Tc This increase cannot be properly 
described with a classical vapor pressure equa- 
tion, while a nonclassical equation of the form 
(17) describes the data within error. This is 
demonstrated in Fig. 5, where deviations from 
the least-squares fitted curve are displayed, 
using (17) with 8 = 0.02 and T, = 373.85”C ; 
and using the classical equation 

logP=A+$+ClogT+D7: (19) 

which has the same number of adjustable para- 
meters as (17). Equation (19) is incapable of 
following the rapid curvature near T,. The OSG 
data are insensitive to the choice of T,. Slightly 
better fits are obtained with negative 8’s (cusp) 
than with positive ones, but in all cases the lit 
is superior to that of the analytic form. Some 
values of LJ~P/L?T’, calculated for positive and 
negative values’of 8, are reported in Table 5. 

8. THE SPECIFIC HEAT AT CONSTANT VOLUME c,.. 
THE EXPONENT x 

In 1963, Amirkhanov and Kerimov (AK) 
made measurements of C, for steam along the 
phase boundary [38] and in the general region 
of the critical point [39]. In 1968 Kerimov made 
more detailed measurements in the critical 
region, with improved temperature measure- 
nents [40]. In 1969, Amirkhanov, Stepanov 
and Alibekov (ASA) obtained data with an 
improved calorimeter along the phase boundary 
and in the one-phase region, but not in the criti- 
cal region [41]. 

All measurements were made in cells of 
appreciable height and with the samples vigor- 
ously stirred. The effect of stirring is not known. If 
samples are allowed to settle without stirring 
near the critical point, density gradients are 
set up by gravity. There are contributions to 
the specific heat due to this redistribution of 
matter. These contributions have been rigorously 
calculated, for nonclassical equations of state, 

for only a few cases, such as CO2 and Xe [42,43] 
on the critical isochore. They cause an apparent 
deviation from asymptotic power law behavior 
in a temperature region near Tc The size of this 
region depends on the substance, and on the 
height of the sample. The gravity effect in water 
is expected to be smaller than in most other 
substances. This follows from a scaling to steam 
of the numbers obtained for xenon [42], from 
which one would expect, in a cell of water 10 cm 
high, sizeable contributions to C, on the critical 
isochore from gravity effects only for tempera- 
tures within 0.2” from T,. These effects should be 
negligible not only in an unstirred but also ir. a 
stirred container if T is more than 0.2” from T,. 

ASA state that the AK boundary data were 
taken on a water sample contaminated by air 
and in a calorimeter which leaked in the critical 
region. They state also that the AK boundary 
data contain errors of calculation. The AK 
values of C, on the phase boundary differ from 
the ASA values by l-5 per cent. We expect there- 
fore that the ASA boundary data are more re- 
liable than the AK boundary data. 

The AK data in the critical region are subject 
to the criticism of sample purity mentioned 
before. The 1963 data of AK and the 1968 data of 
Kerimov in the critical region differ by O-10 per 
cent. However, the latter set of data can not be 
considered the more reliable. Close scrutiny of 
these data reveals that they are inconsistent with 
the OSG vapor pressure data on steam and 
differ in important aspects from the behavior 
displayed by the older data and by data on other 
substances. From equation (7) above we see 
that plots of C,/Vvs. p on isotherms in the two- 
phase region should give straight lines, the slopes 
of which equal - Td2p/dT2. These slopes should 
vary only slowly if our assumption of the 
analyticity of d2p/dT2 (Section 3) is correct. The 
CJVvs. p data for Ar, He3 and He4 [15, 191 
indeed show this behavior. When the data for 
steam are considered, the ASA phase boundary 
data and AK critical region data indicate a 
rather constant value of - Td2p/dT2 in the 
range from 300 to 374°C of the order of 0.8 Cal/g 
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0 BOUNDARY DATA 

CRITICAL REGION DATA 

A 373.23”C 

l 373.39 

0 373.55 

n 373.71 

A 373.79 

III ’ ’ ’ ’ ’ ’ ’ ’ ’ 
0 2 4 6 6 IO 12 14 I6 

V in cm3/g 

FK. 6. Experimental values of C, on the phase boundary [41] and in the critical region [39] 

of steam vs. v [38]. The increasing slope reflects the increase of dZP/dTZ while the intercept 

for V = 0, related to d2p/dT2, remains more steady. 

I I I 

STEAM 

0 375°C 

n 376.26’C 

0 38OOC 

0 390 oc 

I I I 
40 0 .I0 .20 

p-p, in g/cm3 (pC = 0.327 g/cm31 

FIG. 7. Symmetrized values of the constant voiume heat capacity density of steam 
in the supercritical region. 
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“C or 3350 J/kg”C. However, the 1968 Kerimov In the two-phase region, the addition of the 
data show - Td’l,tldT’ ~ncr~us~n~ as T, is quantity pTd’p/dT’, with - Td2p/dT2 = @8 
approached. Conversely7 one can plot C, vs. X caf/g”C, to all C,/Ydata causes the two-phase 
the slopes now being equd to Td’P/dT’. This is data to coalesce on a single curve. In the one- 
done for the AK and ASA data in Fig. 6. One phase region, an estimate of Td’p/dT” is ob- 
notes a marked increase of the slope when the tained by symmet~~ng the C,,Wvs. p data, as 
critical point is approached. However, the newer described in Section 3, by subtracting a part 
data show a decrease of the slope, in disa~eeme~t linear in the density. AK maintain that pc = 0310 

FIG. 8, Symmetrj~ values of the constant volume heat 
capacity density of steam along the critical isochore in the 
two-phase regi:ion &upper curve) and along several isochores 
in the one-phase region (lower curve) plotted vs. 1 T - T,] an 
a semilog scale. The curvature of the critical isochore data 

indicates a divergexe faster than logarithmic. 

not just with the behavior of other subst~~es 
but also with the directly observed vapor 
pressure curve of steam (Section 7). Values for 
drf/dT2 derived from the older C, data are in 
reasonable agreement with those derived from 
the vapor pressure, (Table 5), but the newer data 
deviate by as much as a factor 2. Therefore. 
despite reservations about the quality of the AK 
data, they have to be preferred over the newer 
data, 

gjcm3. However, we 
isotherms above Tc can be readiiy symmet~zed 
only if it is assumed that pc is larger? about 0327 
gfcm3.This is somewhat larger than, but reason- 
ably close to, values of pc obtained from the 
antisy~et~ of LC_P isotherms, pc = @3222 
g/cm3 (see Section 9), and from the coexistence 
curve, pe = 0+324 (see Section 5). The slope 
- T~~z~~dT~~ is virtually i~de~nd~t of tem- 
perature, and equals about O-80 Cal,& “C, just 
as below TO In the lattice gas, it would equal the 
perfect gas specific heat, but the perfect gas 

The power law analysis of C, then proceeds as 
described in Section 3, the Appendix, and 1191. 

have found that C,,/V 
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specific heat of steam is 0.37 Cal/g “C at these varying function of T(Appendix). This freedom 
temperatures [443. The symmetrized specific heat is used to obtain two lines as straight and as 
is plotted in Fig. 7. Only a few points very near T, parallel as possible. Adding 08 calicm3”C to all 
are off the symmetric curves. data produces straight parallel lines in a range 

Next, the quantity C&V+ pT(d’p/aT’) is ofabout 10°C from critical. and with slope cx = 0.9. 
plotted versus ( T - T, 1 on a semilog scale. Fig. 8. A slight residual curvature seems to be present 
T, is taken to be 374.2O”C and is consistent with in the last few tenths “C below critical. It does 

d 05 , 
/ 11, I I /I/ / I l/l 

01 I 
IT-T, / I” “C 

IO 100 

FIG. 9. Symmetrized constant volume heat capacity density 
of steam corrected with a constant background term, and 
plotted vs. 1 T - T,I on a double logarithmic scale. The two 
parallel straight lines with slopes 0.09 indicate a divergence 

of the type C,. - rrd. with a = 0.09. 

liPI- I _! 1 -1 1 -7-n- Tm--m?m 1 77 

FIG. 10. Some data for the jump in the constant volume heat 
capacity density across the phase boundary, plotted vs. 
T, -7’ on a double logarithmic scale. The specific heat jump 

appears to diverge like the specific heat itself. 

the highest temperature (374-l l°C) at which the 
jump in C, was observed. One expects a single 
curve for the data below T, (upper curve); 
according to scaling, isochores above T, behave 
like the critical isochore as long as T - T, is 
large but diverge from it when the critical point 
is approached (Appendix). Both the data in the 
two-phase region and along the critical isochore 
show marked deviations from straight lines, 
indicating that C, diverges faster than logarith- 
mically. 

not seem useful to speculate about its significance 
in view of the unknown effects of stirring and 
gravity in this range. 

The jump in C,/V when crossing the phase 
boundary is expected to diverge as C,/V itself[2]. 
From the AK data we have calculated some of 
these jumps, estimated their error, and plotted 
them as function of T - T, in Fig. 10. It is seen 
that the slope of this curve equals 0.13 with a 
large error, but in agreement with our previous 
estimate of a. 

To obtain a power law exponent, the data are Concluding, the specific heat of steam seems 
now plotted on a double log scale, Fig. 9. The to diverge with about the same exponent as 
scaling laws permit adding a constant or slowly found for other substances [S, 7, 15, 191, thus 
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corroborating the nonanalytic nature of the 
critical point behavior. 

9. SCALING OF THE STEAM PVT DATA 

As explained in Section 4, the scaling laws for 
the critical region of gases imply that Ap = 
~(p, T) - p(p, T) divided by 1 Ap 1’ is a function 
of one parameter, the scaled temperature x = 

ATitApt ‘@. For testing the validity of the 
scaling hypothesis, we have used the large body 
of PVT data obtained by Rivkin and co-workers 
between 1962 and 1966 [33]. The 1966 data have 
to be considered superior to the older data in the 
region close to the critical point because much 
longer equilib~um times were used. The scaling 
of the data proceeds in several steps. First, we 
have interpolated in the original PV/T data 
along isotherms for equal density steps, small 
enough (OQOS g/cm3) to permit using the trape- 
zoidal rule for integrating. Four-point inter.. 
polation turned out tobe adequate in most cases. 
The integration pZ - pr = $i VdP was then 
carried out on the interpolated data. The result- 
ing isothermal p--p curves, with arbitrary zero- 
points for H were studied for antisymmetry. This 
property is less pronounced and extends over 
smaller density ranges for steam than for other 
substances studied [15, 16, 191. The point of 
antisymmetry varied in a random way from 
isotherm to isotherm; a value of pc = 0.3222 
g/cm” was about the best average obtainable. 
The p value corresponding to this density was 
interpolated on each isotherm and used as the 
reference. point. Finally, tables of AH Ap were 
prepared for about 19 isotherms in the range 
374420°C. Several isotherms had to be re- 
jected because there were not sufficient data 
to permit inter~lation; others were not con- 
sidered because they had been superseded by 
later superior data. For scaling, we have used 
isotherms between T, and 420°C. Of the 1962 
and 1963 data, we have rejected the 374.15”C 
and 374.95°C isotherms because they were 
remeasured in 1966. For the 400°C isotherm, 
we combined the 1962 and 1963 data. The 
other 1962 and 1963 data between 374.95”C 

and 419.96”C were all used. For the 1964 data, 
the 375.97”C and 37697°C isotherms require 
some reservation because of wide spacing near 
the critical density. We combined the three 
parts of the 374.1X! isotherm taken in 1966 and 
used, in addition, the 374.42”C and 374.98”C 
isotherms reported in that year. 

In view of the width of the “dome” of the 
coexistence curve, isotherms below T, rarely 
have any points at all within the 525 per cent 
range around pc. For the time being, these have 
not been included in our analysis. 

Once the data had been sifted and the ,u-+J 
relation obtained, we proceeded to scale. For 
the parameter fi we used the value 035 which 
optimizes the fit to the Eck data (Section 5) and 
the value 03426 which is the best compromise 
between the Eck and the OSG data (Section 5). 
We then made computer plots, in various ranges 
of x, of the quantity 1 A,u l/l Ap 1 a vs. x for various 
choices of T, and 6. On inspection, good 
coincidence of the data on a single curve was 
obtained for the following T,, 6 choices 

p = 0.35 /I = 0.3426 /I = 0.3426 

T, = 373.9O”C T, = 373.85”C T, = 373.95”C 

6 =44 6 =45 6 =4-3 

(y = 1.16) (y = 1.20) (y = 1.13). 

In order to develop a more acute test than 
visual inspection, we have also fitted the steam 
data, using the method of least-squares, to a 
function proposed by Missoni, Sengers and 
Green [19] and used successfully for a number 
of gases : 

hfx)=E, 

(20) 

where E,, E, are adjustable constants and -x0 
is the value of x at coexistence. Although the 
errors in interpolated AP, Ap, and AT data 
cannot be considered completely random and 
uncorrelated, we have, for lack of a better pro- 
cedure, tried to assign weights based on experi- 
mental error, as explained in [19], assuming 
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errors of O,Ol”C in temperature, 0.0005 in 
reduced density and 0001 in reduced chemical 
potential Ap/(P,V,). If these error estimates are 
realistic, the standard deviation of the fit to the 
proper model function would be unity. Using 
all the data within 25 per cent from the critical 
density, we found, for the optimum parameter 
combination, standard deviations of order 3, 
while the high and low density ends of several 
isotherms wereout by many times their estimated 
error, reflecting lack of antisymmetry. Rejecting 
these points did not alter the parameters signi- 
ficantly, but it did bring the standard deviation 
down to about 1.5 for optimum parameter 
combinations. Only a shallow minimum is 
obtained with respect to T, when T, is varied in 
steps of 0.05 “C. This minimum does, however, 
occur below 374°C. On varying S in steps of 0.1, 
a pronounced minimum is obtained, so that S 
is determined to +O.l. Some typical parameter 
combinations, resulting in standard deviations 
close to 1.5, are 

of the specific heat anomaly across the phase 
boundary; the specific heat data were taken 
independently from the PVT data. Taking the 
experimental values of the jump at 10” and 1” 
from critical, and assuming c( = 0.08 as an 
average corresponding to our fits of the PVT 

data in Table 6, we obtain, for the coefficients 
of the jump, 40.5 at lo” and 44.0 at 1” from 
critical. Our lit predicts 36.5 (Table 6). We con- 
sider the agreement reasonable. It could be 
improved by choice ofa slightly higher value of a. 

/? = 0.35 p = 0.35 p = 0.3426 

S = 4.6 s = 4.5 S = 4.6 

(y = 1.23) (y = 1.225) (y = 1.233) 

r, = 373.85”C T, = 373.9O”C T, = 373.85”C 

From the values of E,, E,, /I, S and x0, the coef- 
licients I’, r’, B and D in the power law expres- 
sions 

Table 6. Two typical firs, and derived values of exponents and 
coeflicients, of the equation of state of steam 

-Y -7z -~=I -r : 

; 

373.9o”c 373.85”; 
0.35 0.3426 

;” 0.100 0.097 
4.5 4.6 

Y 1,225 1.23336 
a 0075 0.08144 

EI 1.2346 1.2921 

E, 0.3515 0.29 15 
r DO6752 0.06628 
r’ 0.01689 0.01492 
r/r 3.9986 4.4418 

A(CuIV) 36.356 36.699 
A 1.3601 1.4098 

K, = TJATI-r, T> T, 

K, = r’IATl-Y’, T< T, 

Ap = BlATID, coex. curve (21) 

This would correspond to a decrease in the 
coefftcients obtained from the observed C, 
while it would probably increase our predicted 
value, as can be inferred from Table 6. The 
values obtained for the exponents and for the 
coefftcients E,, r, and r’, and that of the jump in 
CJV are all very close to those obtained pre- 
viously for CO1 and Xe [19]. Substantial dif. 
ferences with these gases arise in the values of 
x,,, E, and A found for steam. 

A/I = DlAp/*, T= T, 10. CONCLUSIONS 

were derived. For two of the above parameter 
sets, the values are listed in Table 6. 

The coeRicient r obtained from scaling can be 
compared with that derived from direct analysis 
of K, along the critical isochore (Section 6). 
The slight difference is explained entirely by the 
small difference between the exponents used. 

A more severe test is the value of the coefficient 

Methods developed for analyzing critical 
anomalies and for describing the equation of 
state in nonpolar gases have been applied to 
steam. The critical anomalies in steam have been 
shown to be basically the same as those in non- 
polar gases. For the critical exponents, estimates 
of 0347 + 0905 for p, 1.20 * 0.05 for y, 0.1 * 0.05 
for CL and 4.5 +O.l for S have been obtained. 



These values are all within the range of those 
reported for other gases [S-7, 1619, 34, 351. 
The character of the critical region of steam 
is therefore definitely nonclassical. The long- 
range effects of the dipole interaction are 
apparently cancelled by rapid rotation of the 
dipole or by other statistical averaging effects. 
The equation of state of steam can be scaled. 
Differences between critical region properties 
of steam and those of other gases are the low 
value of the coexistence curve parameter x0 
(corresponding with a wide “dome” of the 
coexistence curve) ; the small value of the critical 
isotherm coefficient D; the narrowness of the 
density range in which the p--p data are anti- 
symmetric; and the large value of the slope of 
the diameter of the coexistence curve. These 
differences, however, are of a quantitative 
nature. The quality of the critical region anoma- 
lies is no different than is that of other simple 
gases, in spite of the somewhat longer range of the 
intermolecular forces. The best values we ob- 
tain for the critical parameters pe and T, vary 
from experiment to experiment. The values of pc 
we obtain span a range of 0.322-0.327, higher 
than used in recent steam correlation. The values 
of T, vary between 373.85 and 374.35; for the 
experiments [22, 301 with good purity control, 
however, the optimum T, is close to that observed 
by Blank, 373.91”C [31]. 

14’, 428-442 (1911); On the value of some differential 
quotients in the critical point, in connection with the 
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and with the form of the equation of state, Proc. Sect. 
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APPENDIX then follow: 

Griftiths, in a recent paper [22], has presented a treat- 

ment ofthe thermodynamics near critical points in the scaling- 

law description. A brief summary for the gas-liquid case 

follows here. 

The basic equation is that for the reduced chemical poten- 

tial difference Al = [P(p, T) - p(p, T)]/P,Vc in terms of the 

reduced density difference Ap = (p - p,)/p, and the reduced 

temperature difference t = (T - TJT,: 

P = (aclap), 64.7) 

s = -(aa/dT), (A.8) 

P=pp-a (A.9 

cjv = - T(a2a/aT2), (A.10) 

According to (A.7), the expression for a can be obtained 

from n by integration with respect to density. It will contain 

two unspecified functions of temperature; since the scaled 

equation (A.l) describes only the difference Ap, p(, = p(p, T) 
will be one temperature function yet unspecified. In the free 

energy it will occur multiplied by the density. It is assumed 

to behave analytically. This is true for the Ising model but 

not certain for real systems. In integrating /.I with respect 

to p, another unspecified function of the temperature, A,(T), 

independent of the density, will appear in a. 
Grifftths has shown that for the general case, c( = 

2 - /I(S + 1) between 0 and 1, a(Ap, T) can be written as 

a(AP, T) = A,(T) + (AP\‘+’ alx) + PIP, (A.1 1) 

where a,(x) is related to h(x) through the differential equation 

- xab(x) + (2 - CX) a,(x) = )91(x) (A.12) 

and A,,(T) is an analytic function of tempe-ure; a,(x) 

possesses a power series expansion in x for small x whereas 

for x + co, it can be expanded as 

An = Ap(Apl’-‘h(x) 

with x = ~/(AP(“~ 

(A.1) 

and h(x) analytic in the range -x,, < x < co: h(x) = 0 at 

x = -x0, which defines the coexistence curve 

IApI = x,~/+? 

Analyticity of h(x) implies that for x near 0, 

(A4 

h(x) = 2 hjxj, 
j=O 

(4.3) 

so that the critical isotherm is given by 

IAnI = h,(APld. (4.4) 

It is desirable that An be analytic near the critical isochore, 

since higher order phase transitions are not expected there. 

Thus 

An = i f.(r)(Ap)‘“-’ 
“=I 

(4.5) 

for small Ap. 

This, combined with (A.l) and (A.2), implies the following 

expansion for h(x) at large x (small Ap): 

64.6) 

From this it readily follows that the compressibility, 

inversely proportional to (ap/dp),, must vary as t-8(6-1) = 

tCY along the critical isochore. 

For a complete thermodynamic description the Helmholtz 

free energy per unit volume a = A/K as function of the 

variables p and ‘I: is needed. Other thermodynamic functions, 

such as the chemical potential n. the entropy per unit volume 

s, the pressure p and the specific heat per unit volume C,/V 

It is the first term that causes the specific heat to diverge as 

t-’ on the critical isochore, and to behave as tma on all iso- 

chores when x is large. 
The scaled expression for the specific heat C, is 

C,/VT= - P,(d2A,(T)/dTZ) - P,T;21Apl-“‘8a;(x) 

- p(d*n,ldT*), (A.14) 

the first two terms on the right-hand side being symmetric 

in Ap, the third one linear in p. These properties have been 

used in Sec. 8. 
For the pressure we have 

P/P,= (AP~~*~{Nx) - +9) - A,(T) + IAPI (Ap)ha), 

(A.15) 

where the first two terms are symmetric in Ap. the third one 

antisymmetric. 
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ANOMALIES THERMODYNAMIQUES PRES DU POINT CRITIQUE DE LA VAPEUR 

R&m-Des idles sur ie caractere des anomalies critiques obtenues A partir d’un modble de gaz en 
reseau sent test&es sur les prop&&s thermodynamiques de la vapeur, B t’aide de mCthodes diveloppbes 
pour des gaz npn polaires. On montre que les anomalies critiques dans la vapeur ne sont pas classiques 
mais t&s semblables B celles des gaz simples. Sp~i~qu~ment les exposants obtenus par I’anatyse en loi- 
puissance de la courbe de coexistence, chaleur sp&cifique C, et coefticient de compressibility K, sont 
fl = 0.347 + 0.005, o! = 0.1 f 0.05. )’ = I.20 & 0.05 impliquant 6 = 4.45. Puisque le point critique est un 
point singulier de I'analyse du comportement therm~ynamique~ l'iiquation d'&at peut itre un moyen 
approprik de description de la region critique.‘Quelques r&ultats d’une telle analyse des don&es P, V. T 
sent pr&sentCs et on montre qu’ils concordent avec des mesures indbendantes de pression de vapeur et 
de chaleur sphifique et avec les exposants don&s. La meilleure valeur obtenue pour la tempkrature 
critique par ce moyen est 3739°C -f: 0,05 tandis que des valeurs entre 322 et 327 kg/m3 sont obtenues 

pour la masse volumique critique dCpendant de la propriktt analyste. 

THERMODYNAMISCHE ANOMALIEN NAHE DEM KRITISCHEN PUNKT VON 
WASSERDAMPF 

Zusammenfassung-Vorstellungen iiber den Charakter der kritischen Anomalien-abgeleitet aus dem 
Gittergasmodell-werden an den thermodynamischen Eigenschaften von Wasserdampf mit Methoden 
getestet. die fiir unpolare Gase entwickelt worden sind. Es wird gezeigt, dass die kritischen Anomalien 
bei Wasserdampf nicht von klassischer Natur sind und jenen der einfachen Gase sehr Hhneln. Insbesondere 
ergeben sich die durch Auswertung der Potenzgesetze gewonnenen Exponenten fiir die Koexistenzkurue. 
die spezifische W&me und die Kompressibilittit zu: B = 0,347 + 0,005, G( = 0.1 ?; 0,05. y = 1.2 + 0.05. 
darin ist implicit enthalten 6 = 4.45. Da der kritische Punkt damit nichtanalytisch im thermodyna&schen 
Verhalten ist, k&men die normierten Zustandsgfeichungen geeignet sein. den kritischen Bereich zu 
beschreiben Einige Ergebnisse einer solchen Analyse der PVT-Daten aus den Skalengesetzen werden 
vorgelegt, und es zeigt sich. dass sie konsistent sind mit unabh~ngig davon gemessenen Werten des Dampf- 
druckes und der spezifischen WLme und mit den angegebenen Exponenten. Der beste Wert fiir die kritische 
Temperatur aus den Skalengesetzen ist 373,9”C + 0.05, fiir die kritische Dichte wurden, abhlngig von 

den untersuchten Eigens~haften. Werte zwischen 0,322 und 0,327gicm’ erhalten. 

TEPM~~~HAM~~ECH~E AHOMAJI~~ BO3JIE ~P~T~~EC~O~ 
TOYICE BOfiRHOfO HAPA 

&6oTaqas+-Coo6pameHMR 0 xapaKTepe KpHTHqecHHx aHoMan&, nonyseHahix na peme- 
T'lElTbIX IW3OBIdX MOJ&fUIRX, IIpOBepRJIIVZb B IIpIUIOHtt?HkU4 K TepMOA5IIIaMWIeCIiMM CBOikTBaM 
napa C IIOMOwbIO MBTOROB, pa3pa60TaHHbIX AJItI HeIIOJIRpHbIX ra30B. flOKai3aH0, YTO KPMTA- 
YecKue aHoManxiH B B0~fiH0hf nape He HOCRT HnaccauecKnti xapaKTep H no,qo6nn aHoMajIkIflM 
B IIpOCTbIX Pa3aX. TTOCKOJIbKJ' KpPiTM'IWKaR TO'IKB RBJIIIeTCR TO=IKOfi Ht?aHaJIMTMYNOCTIl B 
TepMO~AHaMWIWKOM Cny~ae,MaCmTa6HpOEaHHOe COCTORHAe MOH(t?T 6bITb BCIIOJIb30BaHO AJIH 
OIIHCaHHR KpkITWIeCKOfi OtiJIaCTkI. ~PeACTaBneHbI HeKOTOpble pe3yJIbTaTbI TaKOI'O MWmTa- 
6HpOBaHHOI-0 UIaJIIWa AaHHbIX, II IIOKaaaHO MX COOTBeTCTBIie C Il3MepeHIibIM AaBJIeHIIt?M 
napa EZ AaHziarMu nnw ynenbaoti TennoeMKocTK. Haanyqmee anaqearne, nony”reHWoe HER 
KpHTWieCKOfi TeMIIepaTj'pbI IIyTeM MaCIIITa6HpOBaHAR, paBH0 373,9”C_+0,05”, a 3HaWWHH 

AJIII KpuTusecKoti IIJIOTHOCTI~ neWEaT B npegenax OT 0,322 ~00,327 r/cm3. 


